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The discovery of quantum teleportation protocols belongs to the most important results 
of quantum information theory. Quantum teleportation has been introduced in [|] and dis- 
cussed by a number of authors for both spin-^ states and arbitrary quantum states, see e.g. 
[2-11]. By means of a classical and a distributed quantum communication channel, realized 
by a non-local entangled state chosen in a special way (e.g., an EPR-pair of particles), the 
teleportation process allows to transmit an unknown quantum state from a sender (tradi- 
tionally) named "Alice" to a receiver "Bob" that are spatially separated. For teleportation 
of A-dimensional quantum states, the teleportation problem has been discussed in ]7| in the 
case where the dimensions of the Hilbert spaces associated with the sender, receiver and the 
auxiliary space are all equal to iV = 2 m , for a given m e IV. The relations among quantum 
teleportation, dense coding, orthonormal bases of maximally entangled vectors and unitary 
operators with respect to the Hilbert-Schmidt scalar product, and depolarizing operations 
are investigated in ||. 

The details of protocols for teleportation vary with the shared entangled state and joint 
measurements at Alice or Bob. In this note we study the general properties of teleportation 
for finite dimensional quantum states without the assumption on equality for the dimensions 
of the Hilbert spaces involved. We give a teleportation protocol for generally given entan- 
gled states and a constraint equation that governs the teleportation. The solutions of the 
constraint equation give the unitary transformations of teleportation protocols. Detailed 
examples and the roles played by the dimensions of the Hilbert spaces are discussed. 

Let Hi be a Hilbert space with dimensions Aq. Let e«, % = l,...,Ni, be an orthogonal 
basis in Hi, so that e, is an Ai-dimensional column vector with entry 1 for the i-th com- 
ponent and for the other components. Alice has a general quantum state on the Hilbert 
space Hi of the form 



( «i \ 



i=l 



V a Nl ) 

where aij G C, J2i=i \o-i\ 2 — 1- For convenience we will call an arbitrary dimensional quantum 
state also a qubit in the following. 

Let H2 and H$ be auxiliary Hilbert spaces attached to Alice and Bob, with dimensions 
N 2 and A 3 respectively. To send the state to Bob's hand, it is necessary that A 3 > Aq. 
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Let fi (resp. gj), i = 1,...,N 2 (resp. j = 1,...,N 3 ), be the corresponding orthogonal basis 
vector of the Hilbert space H 2 (resp. H 3 ). A generally entangled state of two qubits in the 
Hilbert spaces H 2 and H 3 is of the form 

N 2 N a 

ti=EE fl ij/i®Ji ( 2 ) 

i=l j=l 

for some (normalized) complex coefficients G C. The degree of entanglement depends 
on the dij, i — 1, N 2 , j = 1, N 3 . In the following we take N 3 = N\. 

The initial state Alice and Bob have is then given by 

Oiidjkei <g> ® E Hi® H 2 ® H 3 . (3) 

j,fc=i j=i 

Alice has the first and the second qubits and Bob has the third one. To transform the state 
of Bob's qubit to be \l/o (given by (|l|)), one has to do some unitary transformation U and 
measurements. The effect of these operations together is called quantum "teleportation" . 
Let U be the unitary transformation acting on the tensor product of two quantum states in 
the Hilbert spaces Hi and H 2 such that 

Ni N 2 

U (e; <g> fj) = £ £ b *jste s ® ft , (4) 

8=1 t=l 

Ni N 2 

with E IM' = 1, Vi = 1, iV 1; j = 1, iV 2 . 
s=l t=l 

[Theorem]. If 6y S< satisfies the following relation 

Ni N 2 1 

E^(tiajt()ij Sl = . ctfc-t+iCsfc-t+it (5) 
i=ij=i V^iyv 2 

for some c^fc G £7 such that CijkC*j k = 1, {7 is the unitary transformation that fulfills the 
quantum teleportation. 

[Proof]. From (f|) and (|) we have, with \l/ resp. ^1 as in (|1|) resp. (0): 

Vi N 2 

(U <g> 1)($ ® *i) = $ = E £ ocia jk b ijst e s ® / t ® g k 

i,s,k=l j,t=l 

]_ " Vi N 2 

= , E E ak-t+iCsk-t+it e s ® /t ® & 

V-Wi-Nz s ,fc=it=i 

y/l\ll\ 2 iJ= i k= i 



where the sub indices of e, / and g are understood to be taken modulo by Ni, N 2 and N 3 
respectively. 

Now Alice measures her two qubits in the state $ e Hi <g> H 2 . If e% ® is the state 
obtained after the measurement, i.e., 

M \ 

$ -»• ei <g> / fc (8) I 2^ Cijkajgk+j-! I , 

then in order to recover the original state \&o, the unitary operator that Bob should use to 
act on his qubit is 



O ik = P k C ik , i = l,...,N 1 , k = l,...,N 2 , 



(6) 



where P k is the (k — l)-th power of the permutation operator, P k = II 



fc-i 



n 



i \ 



V 1 / 

and Cik = diag(c* lk , c* 2k , c* Nik ). After this transformation, one gets $ — > (g> ® \l/o and 
the state \l/o given by (0) is teleported from Alice to Bob. ■ 

Therefore whenever an entangled state in the sense of (§) is given, i.e. the a^- are given, 
if there are solutions of bij St to equation @, we have a unitary transformation £7 that fulfills 
the teleportation. The condition (|5|) can be rewritten as 



N 2 



NiN 2 ^ait + j-ib jis t = c 



sjt 



(7) 



i=l 



The unitary transformation (§) given by the quantities bj ist used in our teleportation protocol 
depends on the initially given entangled state @ and the dimensions of the Hilbert spaces 
H\, H 2 , H 3 . 



For general N = Ni — N 2 — N3, if we take 



N 



the entangled state (H) is given by 



From equation (^), we obtain the unitary transformation @ used in the teleportation pro- 
tocol with 

ht+i-ist = (9) 

with c s u as in (|5|), the other coefficients b in (f|) being zero. It is easily checked that the 
transformation (|4]) given by (§) is a unitary one. The teleportation is accomplished by 
applying the unitary operation (P) according to the result of Bob's measurement. For some 



particular values of the coefficints c s u, this result concides with the one in [] I 



According to the Schmidt decomposition, in this case the entangled state (0) on Hilbert 
spaces H 2 and H 3 can be always written as 

A' 



y^fi ®9i 

i=l 

in suitable basis, where Aj > 0, Y^=i K — 1- That is, = v^V>ij- Substituting it into 
equation (0), we have 



^t+j-lbj t+j-lst — C s it- 

According to the unitarity of the transformation U and the condition cyfcC*- A = 1, one gets 
\i = l/N,i = l,...,N, and the the state (0) is a maximally entangled one, which shows that 
with a less than maximally entangled state it is impossible to give a unitary transformation 
that fulfills perfect teleportations. 

For N = 2, taking c m = c 2 n = c m = c n2 = c 212 = c 122 = -Om = -C222 = 1 
(this choice satifies the condition c^c*^ = 1), we have On = I, 0\ 2 = <r x , 2 \ = cr z , 
22 = ia y , where (T x>ytZ are Pauli matrices and I is the 2x2 identity matrix. The unitary 
transformation U is then equal to the joint actions of the controlled- not gate C^qt and 



the Walsh- Hadamard transformation H, as defined e.g. in [13], |14|| . This recovers the usual 
protocol for teleporting two level quantum states given in 

When N = 2 m for some m G IV, a case discussed in J7[, ^1 can be rewritten as 

m m 1 

= n \epr >,= n -^(i tt> +1 u>)«, 

i=l i=l V ^ 

where |£Pi? >= ^(| |T> +| U>), an EPR pair of spin-| particles, is the sum of all spin 
up and down states and \EPR >j stands for the i-th EPR with the first (resp. second) 
attached to the Hilbert space H 2 (resp. H 3 ). Therefore instead of a fully entangled state of 



two iV-level qubits, we only need m pairs of entangled two-level qubits. This conforms with 
the discussions in 0. 

Generally, the dimension N2 of if 2 can be greater than N\. As long as one prepares the 
entangled state of two qubits in the Hilbert spaces if 3 and the sub Hilbert space TC 2 C if 2, 
with dim(7f 2 ) = Ni, the above results are still valid. The entangled qubits attached to 
the Hilbert spaces if 2 and f/3 establish a quantum transportation "tunnel", i.e. a way to 
teleport a qubit on ifi to if 3. To transport the qubit on ifi to if 3, this tunnel should be 
constructed in such a way that the entangled state is prepared with suitable coefficients a^. 
Moreover, this tunnel should be "broad" enough to let the quantum information go through, 
in the sense that the dimension N2 of the Hilbert space H2 should not be so small that there 
is no unitary transformation satisfying equation @ for any kind of entangled state 

We consider now some special cases of teleportations when some components of the 
initial state are zero. Without losing generality, let ctj 7^ for i — 1, ...,rti, rt\ < N\, and 
a,i = for z = ni + 1, iVi (We remark that for a given iVx-dimensional vector it is always 
possible to make some of its components to be zero by changing the basis. But such a 
basis transformations depends of course on the components of the given vector, hence for 
an unknown quantum state this kind of transformation has no pratical use). 

The initial state to be teleported under the above hypothesis can be written as 

m 

^0 = a i e i ■ 
i=i 

We take the dimension of H2 to be N2 — n\ < N±. The entangled state used to teleport \l/o 
can be prepared in the following way: 

a tj = ! v^T (10) 

{ 0, j = m + 1, Ni 

for i = 1, 2, ...n\. From ([7^ we get the unitary transformation (^) with 

Oit+i-lst - 



for t, t + i — 1 (mod ni) = 1, ni, i, s — 1, 2, Ni, the other coefficients bji St in (0) being 
zero. 

An example is the teleportation of an EPR pair \l/ = \^*epr >— «|01 > +/3|10 >, |a| 2 + 
\(3\ 2 = 1, as discussed in 0. In this case Ni = 4. \l>o can be written as aes + Pe2 = ae^+^e^. 



The dimension of the auxiliary Hilbert space H 2 is only needed to be n\ = 2. The entangled 
state is given by *j = j=(f x <g> ^ + / 2 <g> <? 2 ) = ^(^ ® £ 3 + h ® = 75G 101 > +l 010 >)• 

Here as ni = iVi/2 = 2, instead of (|10"D, we may alternatively take = -^=8^ for 
j — n\ + l,...,Ni and = for j = l,...,ni. Then the entangled state becomes = 
773 (/i ® Pi + h ® 9i) = tjO 000 > >)> which is called a GHZ triplet consisting of 

three two- level qubits and can be realized experimently |15], [16] . The unitary transformation 
is given by b it+i ^ lst = c sit /y/Ni for t = l,...,m, t + i-1 (mod = m + l,...,Nx, 
i,s = 1, 2, Ni, and the other coefficients bj ist in (|7|) being zero. For a suitable choice of 
the sign of c sit , this recovers the result in ||. 

We have studied the general properties of teleportation for finite dimensional discrete 
quantum states. The protocol we presented is for generally given entangled states with 
N 3 = Ni. If N s > Ni, one can always take a subspace 7i 3 C H 3 such that dim(7i3) = Ni 
and prepare the entangled state in the Hilbert spaces if 2 and Ti^. Accordingly the initial 
state \&o w iH De sen t to the subspace TC3. 
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